
& 16.6 Applications of Surface Integrals ①

Review:Although they are defined invarianity

(i.e. independent of coordinates/parameterization)

line integrals and surface integrals can
be

evaluated in coordinates
-

Line Integral:JE.Fds
=JPF. IAdt

e FIt) =(xyt),z(t))

Surface Integral:JJF.nd= SSE.(x)
dudv

RS -
F(n,) =(X(n,w),y(n,u),z(n,r))

Stokes Theorem: SSCurIEond= Jr.I dS
S Surfact e Line

Integral Integral

Divergence Theorem:(SSDivEdv
=(JE .n des

N Regular
A Line Integral

Triple Integral (F(ux)



Example 1:What does the amplification factor

for surface area
diS=1x ldudu reduce

to when z =f(x,y) gives and (u,v)
=(x,y)?

Son: Consider the special case when a

surface is given z =f(x,y).

-tie"In this case we can take n =x, v
=y

en
y

then: F(u,v) =(n, v, f(n,v))

Or use (y) for (n,v):
-

F(x,y) =(x,y,f(x,y))
-

then: F =rx =(10,fx)

r =Fy =(fy)

-i2) =((- f) - (fe)iFax r =r xy I -
= - (x,fy,- ))

Amp. Factor for Area: 1Ex): fy+1'



ꋹ
conclude:

dis =VFfy+Tdxdy
a pos z-component

upward normal

n =Exe to surface

isthe· Note:The z-component of
↑

i
the unit normal also supplies u

Y (amplification factor):
dX

-

them:When F(x) =(x, y, f(x,y)) parameterizes

a surface, (x,1) eR =IR2, the amplification

factor for area is given by (o)", so

d=dxdy
Note:This is often the

easiest way to find

amplification factor since
its easy

to find

the unit normal:Eg F(x,y,z) =z - f(x,y) =0

give as the level
set of , - IF points

normat to surface, so i=



* Find the surface area of the paraboloid
z =f(x,y) =x

2
+y2,(x,y)-R =32:(x)R3

soln Let a be the set of (f(x,y))
for

-

(x,y) =R. This is
level set of F(x,1,2) =7 - f(x,y),
-

-F =(fy,1) =( -2x, -37,1)

i =pEl diS
=Adxdy, A = =V4y1

Area (R) =SS Addy = fX4+dxdyS
R R polar coordinates

r
=x+ydArdxdy

-IsrrdrdA
0

n
=4r+1, du

=ardr

N

-Gerdudt= ]e
I (Yr+] =x-1]



ꋻ
EB Interpret the amplification factor
-

geometrically when F(x,y)=(X,1,f(x,y))

So let u denote the angle ↑
-

].
between and 1. Then

Cost =5.1. Therefore i
dIdy

diS =Adxdy where A =cot.

Summary:the general formula
for surface
-

area in general coord system [(n,) =((n,v),f(n,),z(4,0))

is d= 1x/dndr (n,v) eR

Surface Area:IS/x/dudr
R

Flux:GSE.nd=SF. EYE
dad

S

When z =f(x,y):Area =6) ts dxdy

Flux:SSE-nds=CCE.
fe,) dxdy

R



⑥
12 1

③ Finding areas on a map R =map

Ex4:Use the theory of EARTH=

integration on 9 =V
(n,v)

surfaces to explain
N

how to find areas **--I ,
97

⑦ =U
on a map- 2π

So:A"map"is a way assigning points

on the earth to points on
a sheet of paper.

In theory then, a map of
the earth is any
-

coordinate system [(n, v)=(x(u,v), y(n,v), z(n,v))
e
a point on Earth

Maps always create a distortion of areas

because the earth is aired and paper is flat

Ee., the area on
the paper map

will never

scale up to area on
Earth because there

is always an amplification factor A F1.
diS =A dudv
u -

Area on Earth Area on map



As the basic example-consider the map
⑦

which uses latitude and longitudy as

the coordinates: latitude

latitude =d0 < 0 =i .
longitude =A0 =A =2

⑧ p

To describe our map of
the earth longitude
nee

all we need is F(4,1) =(X(4,A),114,A), z(4,A)(

We get from spherical coordinates:

Recall:(5,9,1), 5-+z2=dist to center
=R

x =UCOSA =SCOSAsind r =5 sing

y
=rsind= ssinsing z

=ICOS4

R =Radius of earth = 4000 miles

-) x14,0) =R cost sind

y (9,1) =R sindsinc
-

M F (9,A) =R(cosAsing, sincsind, cost) n =0
want man

wa

x(u,v) y(n,v) z(n,v) v =A



Guide:FIn,r):isinusir,cosv) 8
-

I =E =R)-sinnsinv, cousini
-

I =E =R (cosa cosy, since cost,
it

diS =1 x ldudv
I I ↳
-

ExF
-Rsinusinu Rcosusinv O
I I

RCOSUCOSU RSIUCOSU
-Rsinv I

=I)-Rcosusinv)-IR"sinusin)

+AfR")costsinn) cosvsinv)
n
I

Ixrl=RY(consini+sinsinir + cossini)-

=RY (sin"+cossini) =R"(sinv+cos)(sini)
mi

=RY sinv

-Rsinu



Conclude to find the area of ⑨
-

Africa by using the map alone, EARTH
-

just integrate over d = v
in,il

/1)
Africa

N

the picture of --- inforAfrica on your 97
⑦ =U

map, using the
2π

amplification factor dS=Rsinn dudr
Ie.

Area of Africa =R"S/ sinn dudv
A, region correspondingthe

arginalvariablesig) sind date


